SOME GENERALIZATIONS OF PALEY’S THEOREMS ON
FOURIER SERIES WITH POSITIVE COEFFICIENTS*

BY
MICHAEL FEKETE

1. Introduction. Let f(x) be a real-valued function of a real variable «x,
periodic with the period 27 and Lebesgue integrable. These properties will
be assumed throughout, without being explicitly stated. Let, in addition, for
all x,

(1.1) 1 f(x)| SL< .
Let
(1.2) f(x) ~ ao + 2 (ay cos vz + b, sin vx)

y=1

be the Fourier series of f(x),

(1.3)  so(2) = ag, $a(x) = ao+ 2 (a, cos vx + b,sinvx) (n=1,2,3,---)

v=1

the partial sums of (1.2), and

(1.4) ou(®) = a0+ 2 (1 — l) (a, cos vx + b, sin vx) (rn=123---)
. y=1 n
their arithmetic means.

It is a classical result of the theory of Fejér and Lebesgue that the se-
quence {¢.(x)} is uniformly bounded and satisfies

(1.5) |on(x)| = L,

and that, as #—, 0,(¥) —>f(x) uniformly over (—, 7) provided f(x) is con-
tinuous in (—m, 7). As to the partial sums (1.3) themselves, as may be shown
by suitable examples, they need not be uniformly bounded even when (1.1) is
satisfied, and the sequence {s.(x)} need not converge uniformly to f(x) even
when f(x) is continuous in (—, ).

Under these circumstances special attention should be given to a recent
result of Paley? according to which the non-negativeness of the Fourier coeffi-

* Presented to the Society, February 23, 1935; received by the editors April 17, 1934.

T R. E. A. C. Paley, On Fourier series with positive coefficients, Journal of the London Mathe-
matical Society, vol. 7 (1932), pp. 205-208. On the basis of (1.1) Paley derives the estimate
| sa(x)| <10L.
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cients @, b, of f(x) combined with (1.1) implies the uniform boundedness of
{sa(x)}, while combined with the continuity of f(x), it implies the uniform
convergence of s,(x) to f(x).

In a letter to Professor Fejér, written in the autumn of 1932,* Paley
stated and gave a sketch of a proof of the fact that the same results hold if
the condition of non-negativeness of a., b, is replaced by a less restrictive
one, viz.,

(1.6) 4.2 —K/n, b,2—K/n, O0=K<ow.t

After learning of these latter results of Paley’s, the author of the present
paper completed his proof with various improvements in the estimatesf and
also succeeded in extending these results to the generalized Fourier series of
almost periodic functions of H. Bohr, D (a. cos N,x+b, sin \,x). These in-
vestigations§ of the generalized series suggested, in the case of the ordinary
series, the replacement of (1.6) by conditions

.7 an + a, 2 0, b+ 8,20 (rn=1,2,3,--),
where
(1.8) a, 2 0’ Bn = 0)

while the series Y ; an, 21 B» are “slowly divergent” in the sense of one of the
definitions which follow.

DEFINITION 1”. A series Y, c. with non-negative terms is said to be (at most)
slowly divergent if there exist two positive numbers P and p, and a positive in-
teger N, such that

n+q

> =P, forn=N, q=< pn.

DEFINITION 1”7, A series D ;" c. with non-negative terms is said to be (at
most) slowly divergent if for an arbitrarily given positive P there exist a positive
number p and a positive integer N, both depending on P, such that

* This letter is reproduced in a note by Fejér, On a theorem of Paley, Bulletin of the American
Mathematical Society, vol. 40 (1934), pp. 469475, especially pp. 474-475. On the basis of (1.1) and
(1.6) Paley derives the estimate |s.(x) | <Ke+M L where e is an arbitrary positive number while M ¢
is a positive number which depends on € but not on K and L.

1 Analogous results have been found independently by Sz4sz, Zur Konvergensztheorie der Fourier-
schen Reihen, Acta Mathematica, vol. 61 (1933), pp. 185-201.

1 M. Fekete, Proof of three propositions of Paley, Bulletin of the American Mathematical
Society, vol. 41 (1935), pp. 138-144.

§ The previous results of Paley on Fourier series (of purely periodic functions) with positive
coefficients have been already extended by the author in his paper On generalized Fourier series with
non-negative coefficients, presented to the London Mathematical Society on November 16, 1933,
forthcoming in their Proceedings.
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n+q

> ¢ <P forn=N, q=< pn.*

Since the harmonic series ) _1/# is slowly divergent in the sense of both
Definitions 1’ and 1’ we thus obtain in (1.7) a generalization of conditions
(1.6). It will be shown (Theorems 1 and 2 below) that if conditions (1.7), (1.8)
are satisfied, the boundedness of f(x) combined with the slow divergence of
the series D 1", 2 .1 Bn in the sense of Definition 1’ implies the uniform bound-
edness of the sequence {s.(¥)}, while the continuity of f(x) together with the
slow divergence of D ;@ ), B» in the sense of Definition 1’/ implies the uni-
form convergence to f(x) of the sequence {s.(x)}.

These results can be established in the same fashion as in the special case
a.=K/n, B,=K/n, but the method applied here has proved, after a slight
modification, to be adequate to cope with a more general situation as far as
the coefficients a,, b, are concerned. The modified, more general, conditions
on a,, b, are suggested by the fact that conditions (1.8) together with the
slow divergence of D ;an, 2.1 Bn in the sense of Definition 1/ implies the
“slow oscillation” of the series ) i a. cos nx, ) ; B. sin nx, uniformly in x,
in the sense of Definition 2’ below and the Remark appended, while (1.8)
together with the slow divergence in the sense of Definition 1’/ implies the
slow oscillation of Y ;"a, cos nx, Y ;"B, sin nx, uniformly in «, in the sense of
Definition 2’/ below and the Remark.

DEFINITION 2’. A series ) i ¢, with real terms is said to be slowly oscillating
if there exist two positive numbers P and p and a positive integer N such that

n+q

PR

V=n

=P, forn=N, q =< pn.

DEFINITION 2''. A series ), c. with real terms is said to be slowly oscillating
if for an arbitrarily given positive P there exist a positive number p and a positive
integer N, both depending on P, such that

nt+q

S

v=n

<P, forn=N, q =< pn.

Remark. If the terms ¢, of the series ) ;"c, depend on a parameter ¢ which
ranges over an interval ¢<¢=d, we shall say that the slow oscillation of
Y 1’ca(?) is uniform in ¢ over (c, d) if the series oscillates slowly (in the sense

* It is clear that slow divergence in the sense of Definition 1’’ implies that of Definition 1’, but

the converse is not true even if the general term of the series should tend to zero, as may be shown
by examples. Incidentally the property required in Definition 1’ is equivalent to

2n
Zc,§K< o for all .

y=n
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of either Definition 2’ or 2’’), the characteristic data of the slow oscillation
being independent of ¢.

This raises the question whether the results above concerning the se-
quence {s,(x)} still hold if, without changing the hypotheses on f(x), and re-
taining (1.7), we replace conditions (1.8) together with the slow divergence
of 31 an, 21 B by the condition of the uniform slow oscillation over (—, )
of the series > ;"a, cos nx, D1 B, sin nx in the sense of Definitions 2’ or 2.
That this question can be answered in the affirmative is shown by Theorems
5 and 6 below. The modified conditions deserve special attention, for they
lead to conditions which are not only sufficient but also necessary for the
behavior under consideration of the sequence of partial sums {s.(x)} (The-
orems 7 and 8). On the other hand, while conditions (1.8) together with the
slow divergence of D_;"a,, > 1 8. bear only upon the negative ones among the
Fourier coefficients a,, b,, our modified conditions are of a more complicated
nature and involve all the coefficients a., b., negative as well as positive.

In concluding this introduction the author wishes to state that he owes
the notion of slow divergence to Professor Fejér, who defined and used the
notion of slow oscillation in the sense of Definition 2’ in his investiga-
tions on summability.* The method used by Fejér, after suitable modi-
fications, proved effective in deriving the sharpest result of the present
paper, embodied in Theorems 9 and 10 below, where necessary and sufficient
conditions for the uniform boundedness or uniform convergence of the se-
quence of partial sums {s.(x)} are obtained in terms of the “one-sided” uni-
form oscillation (from below) of the cosine and sine components of the
Fourier series of f(x).

2. The present section is devoted to a proof of the two following proposi-
tions.

THEOREM 1. Let conditions (1.1), (1.7), and (1.8) be satisfied and let the
series D 1 tn, 01 Ba be slowly divergent in the sense of Definition 1. Then the
partial sums (1.3) of the Fourier series of f(x) are uniformly bounded and the
upper bound of |s.(x)| can be expressed in terms of L and of the characteristic
data of the slow divergence of Y 1 tn, 21 B

THEOREM 2. If f(x) is continuous in (—m, ) and if conditions (1.7) and
(1.8) are satisfied with Y ;ctn, Y 1 Bn slowly divergent in the sense of Defini-
tion 1" then the Fourier series (1.2) of f(x) converges to f(x) uniformly for all x.

* As yet unpublished; cf. a reference in the paper by M. Fekete and C. E. Winn, On the connection
between the limits of oscillation of a sequence and its Cesdro and Riesz means, Proceedings of the London
Mathematical Society, (2), vol. 35 (1933), pp. 488-513, especially p. 490. Since receiving the proof
sheets, I have noticed that conditions equivalent to those required in Definitions 1/, 1/, 2, 2"* oc-
curred also in investigations of Landau and Schnee. Cf. Schnee’s paper in the Proceedings of the
London Mathematical Society, vol. 23 (1924), pp. 172-184.
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The proof of these propositions is based on the following

LemMA. If, under conditions (1.1), (1 7), and (1.8), the series D ; a,
> 1’ Ba satisfy the conditions

k+q

(2.1) EaréA;
I-k
fork=Nz=1, 0=<gq=< pk, p>0,
k+q
(2.2) 2.6, < B,
vk

then the partial sums (1.3) admit of the estimate
(2.3) | sa(®) | < (5 + 2/p)L + 3(4 + B), provided thatn = N(1 + p).
To prove this lemma we start with the identity used by Paley*

sa(%) = {mr,.(x) - ma,,.(x)}/(n — m)

2.4 n
2.4) + 2 (v —m)(a,cosvx + b,sinvx)/(n—m), 1 S m < n.

v=m+1
In view of (1.5) we have for the first term of the right-hand member of (2.4),
(2.5) | no.(x) — ma.,.(x)l /(n—m) = (n+m)L/(n —m).

To evaluate the second term we consider, following Fejér and Paley,* the
(n—m)th arithmetic means of the Fourier series of the functions [f(x)
+f(—%)] cos nx and [f(x) —f(—x)] sin nx, for x=0. Thus we obtaint

2n—m
(2.6) Z w—ma,+ 2 2n—m—v)a,| < 2L(n —m),
yamm+-1 p=n+1
2n—m
@.n Z) v —mb, + >, 2n—m—»)b,| < 2L(n — m).
ymm--1 y=ant1l
Consequently, in view of (1.7) and (1.8),
2n—m
0= E w—m)a,+a)+ 2, Cn—m—1)a + a,)
ymm+1 r=n+1

(2'8) 2n—m
= (n—m)(ZL-I— >a),

pe=m-+1

2.9 053 (¢ —m)a+a) S (n—m) (2L + f:"'a.)

yaem4-1 p=m+1

* Loc. cit., footnote } on p. 238.
t Cf. our note referred to in footnote { on p. 238 where more details are given.
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On combining (2.9) with (1.7), (1.8), we get

n
> (v — m)a, cos vx

y=m+1

n
E (v — m)a, cos vz
y=m+-1

Z”: (v — m)(a, + ) cos vx

y=m+1

=Y =Mt )t D 60— me

y=m+1 y=m+1

= (n-—- m)(ZL + nz_:ma, + i a,,),

y=m+1 y=m+1

=

+

(2.10)

and similarly

< (n—m) (ZL + XD ﬁ.)-

y=m+1 ym=m+1

> (v — m)b, sin vx

p=m+1

(2.11)

Now assume that the integers # and m satisfy the conditions
(2.12) nZ N1+ p),m = [n/(1+ p)],i.e.,n/(1+ p) =1 <m = n/(1+ p).
Then
mZNzZ1l,m<=n—1,
n—m—1<pm+1) < p(n+1).

This enables us to apply (2.1) and (2.2) to estimate the sums of the right-
hand members of (2.10), (2.11), with the result

(2.13)

(2.14) i (v — m)a, cosvx| = (n — m)(2QL + 34),
v=m+1

(2.15) i (v — m)b, sinvx| = (n — m)(2L + 3B).
v=m+1

Furthermore, for the values of m and # in question, (2.5) gives
(2.16) | non(x) — mom(x)| /(n —m) < (1 + 2/(n/m — 1))L < (1 + 2/p)L.

Inequality (2.3) follows by an easy combination of (2.4), (2.16), (2.14), and
(2.15).

The proof of Theorem 1 is now easily derived from the lemma above,
whose conditions obviously are satisfied on the hypotheses of Theorem 1.
If n= N(14p) we use the estimate (2.3) directly. If # <N (1+4p) then by the
Cauchy-Schwarz inequality and Parseval’s theorem,

| sa(#)| < (1 4+ 2n2)L < {1 + 2N(1 + p))2} L.



1935] FOURIER SERIES WITH POSITIVE COEFFICIENTS 243

Thus we obtain our final estimate

(2.17) | sa@)| = {5+ 2/p +2(N(1 + )2} L + 3(4 + B),

valid for all values of #=0.

We pass on to the proof of Theorem 2 and first observe that estimates
(2.3) and (2.17), in view of the hypotheses of Theorem 2, will hold for an
arbitrary choice of 4 >0 and B>0, provided N and p are suitably fixed as
functions of 4 and B. Next we remark that the Fourier coefficients of

J(®) — au(x) ~ i (v/n)(a, cos vx + b, sin vx)

(2.18) .
+ 2 (@ cos vx + b, sin vx)

y=n+1
satisfy inequalities like (1.7) with the same a,’s and B,’s that accompanied
the Fourier coefficients a,, b, of f(x). Hence, on putting

M, = max|f(x) — oa(®)|, m. = max|f(x) — su(x)],

we derive the estimate corresponding to (2.17) for the nth partial sum of
(2.18), namely

(2.19) | sa(%) — oa(x) l = E (v/n)(a, cos vx + b, sin vx)
S 34+ B)+ {5+ 2/p+ 2N + p))'2} M.
Since
| f(®) = sa(@) | = | f(2) — ou(®) | + | 5a(2) — 0u(®) |,
and, by Fejér’s theorem, M,—0 as n— o, we see that

0 = lim supm, < 3(4 + B).
As A >0and B>0 are arbitrary, we get finally m,—0 as n— o0, which proves
Theorem 2.
3. From Definitions 1’ and 1"’ of slow divergence it is immediately seen
that, if there exist at all sequences {a,} and {B.} satisfying the requirements
of Theorems 1 or 2, then the particular sequences

{a} = {3l an| —an}, {or} = {3/ 8] — 0}

will evidently satisfy these requirements. Consequently our Theorems 1 and 2
may be restated in the following form:
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THEOREM 3. If f(x) satisfies condition (1.1) and if the series

(31) Z(Ianl—an)’ Z(lb"'—bn)

n=1

are slowly divergent in the sense of Definition 1',then the partial sums s.(x) of
the Fourier series of f(x) are uniformly bounded.

THEOREM 4. If f(x) is continuous and the series (3.1) are slowly divergent
in the sense of Definition 1", then the Fourier series of f(x) converges to f(x) uni-
Sformly.

4. We now pass on to the generalizations of Theorems 1 and 2 mentioned
in the Introduction. Using the notion of the slow oscillation of Definitions
2’, 2" and of the uniform slow oscillation of the Remark following these
definitions, we can enunciate the generalizations in questions as follows.

THEOREM 5. Let f(x) satisfy condition (1.1) and let its Fourier coefficients
satisfy conditions (1.7) where the sequences {a.} and {B.} are such that the
series D 1 a, cOS nx and Y1 B sin nx are slowly oscillating (uniformly in x) in
the sense of Definition 2'. Then the partial sums s,(x) of the Fourier series of f(x)
are uniformly bounded and the upper bound of | s.(x)| is expressible in terms of L
and of the characteristic data of the slow oscillation of the series ) ; o COS nt,

> 1B sin nzx.

THEOREM 6. If f(x) is continuous and if its Fourier coefficients satisfy con-
ditions (1.7) where the sequence {a.} and {B.} are such that the series
> Co, cos nx and Y 1 B sin nx are slowly oscillating (uniformly in x) in the sense
of Definition 2", then the Fourier series of f(x) converges to f(x) uniformly.

The proof of these propositions is based on a lemma analogous to that of
§2.

LEMMA. If, under the assumptions of Theorem 5, the trigonometric series
D Lo, cOs nx, Y1 B sin nx satisfy the conditions

k+aq
4.1) > a,cosvx| < A4,
y=k
forkzN=1,0=gq= pk,
k+a
4.2) Z By, sin vx| = B,
=k

then the partial sums s.(x) admit of the estimate

(4.3) | sa(x)| < (5+ 2/p)L + 6(4 + B), provided that n = N(1 + p).
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Using the notation and proceeding in the same fashion as in the proof of
the lemma of §2, we now have, instead of (2.9),

0= E v —m)a + o)

4.4) i -
< 2(n —m)L + Z v—ma,+ D 25 —m — v)a,|.
ymm+1 r=n+1
In view of (2.13) conditions (4.1) yield
2n—m
cosvx| = A, > a,cosvx| < A,
y=m-+1 y=n+1
whence it follows that
2n—m
(4.5) D> aycosvx| < 24.
rmm+1

On applying estimate (2.6) to the trigonometric polynomial of the left-hand
member of (4.5) we have

2n—m
(4.6) Z w—ma,+ >, (2n —m — »)a,| £ 44(n — m).
y=m4-1 y=n+1
Being combined with (4.4) this gives
4.7 0= i v —m)(a, + &) < 2(n — m)(L + 24).

rmm4-1

Hence

> (v — m)a, cos vx

ym=m+1

> (v — m)a, cos vx
ram4-1

(4.8) 2 = mt et

S 2(n — m)(L + 24) +

IIA

n

> (v — m)a, cos vx|.
re=m4-1

We now consider Paley’s identity (2.4) with f(x) replaced by the trigo-
nometric polynomial

n
1(x) = 2. a, cos vx.
p=m+1

If we denote by 7,(x) the »th arithmetic mean associated with #(x), we have
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1 n
: > (v — m)a, cos vx = t(x) — (nrp(x) — mrm(x))/(n — m).
n—m y=m+-1

In view of (2.13) and (4.1),

n—m—1 m+l+q

| nra(x) — mf,,,(x)l =| > 2 acosvx| < (n—mA.

g=0 y=m+1

Since also |#(x)| <4, we have

4.9) i (v — m)a, cosvx| = 2(n — m)(L + 34),

v=m+41

and similarly

n

(4.10) > (v — m)b, sin vx| < 2(n — m)(L + 3B).

v=m+1

From this point on the argument proceeds in precisely the same fashion
asin §2, and the proof of our lemma is complete. Theorem 5 now follows from
the above lemma in precisely the same way as Theorem 1 was derived from
the lemma of §2. In the present case we obtain the estimate

@.11)  |sa(@)| = {5+ 2/p+ 20(1 + p)?}L + 6(4 + B), 2 0.

As to Theorem 6, it will be also proved on the basis of our lemma, but the
method used in §2 to prove Theorem 2 can not be applied here and we have
to resort to the original argument of Paley, which he used in discussing the
uniform convergence of a Fourier series with positive coefficients.* Let #,(x; #)
denote the partial sums of the Fourier series of

f(x) — aa(x) ~ i (v/n)(a, cos vx + b, sin vx)

(4.12) _
+ > (@ cos vx + b, sin »x).

y=n+1

Under the hypotheses of Theorem 6 the series ) ; a, cos vx, Y, B, sin vx are
slowly oscillating in the sense of Definition 2’’. It follows that the series

0 n L

(n)
> 'y,n cos vx = . (v/n)a, cos vx + Z " a, cos vx,
=1 y==1 y=n+1

0 n 0

() . . .
Z 8, sin yx = E . (v/n)B, sin vz + Z B, sin vx
y=1 v=1

y=n+1

* Loc. cit. in footnote t on p. 237.
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are also slowly oscillating in the sense of Definition 2’/ and that the constants
¥,™, ™ play the same part relative to the series (4.12) as a,, 8, do relative
to the Fourier series of f(x). Indeed, for an arbitrary choice of 4 >0, B>0,
there exist an integer N=N(4, B) and a positive p=p(4, B) such that

k+q (n)
(4.13) z'y, cosvx| < 4,
= for B = R = max (n, N),0 < ¢ < pk.
k+q
“.14) |Y 5" sinvx| < B,
p=k

On applying the lemma above to the series (4.12) we conclude
4.15) | t(x;n)| = (54 2/p)Ma+ 6(4 + B), r= (1+ p)R,
where, as before,

M, = n';axlf(x) — aa(x) ]

Since

t(x; n) = . (v/n)(a, cos va + B, sin vx) + Y (a, cos vx + B, sin »x),
vl yemn-1 r>n g 1’

we have
[ 5:i(2) = 5,,(x) | < (10 + 4/p)M, + 12(4 + B), 2> 1 Z (1 + p)R.

Now, given any >0, set 484 =48B=¢, which fixes also p and N.
Choose 7, so that (10+4/p) M, <e/2 when n=no. Then |s,,(%) —s,,(x)| <e,
provided 72 >7:2 (1+p)Ro, Ry=max (no, N). Thus the Fourier series of f(x)
converges uniformly. The fact that its sum is f(x) is implied by the classical
theory of Fourier series. The proof of Theorem 6 is now complete.

5. It is clear that the uniform boundedness of the partial sums (1.3) im-
plies the uniformly slow oscillation of the series

(5.1) a0 + Za,. cos nx,
n=1

(5.2) > b, sin nx,
n=1

in the sense of Definition 2/, while the uniform convergence of the series (1.2)
implies the uniformly slow oscillation of (5.1), (5.2) in the sense of Definition
2"". This leads to the following two propositions, the proof of which is ob-
vious in view of Theorems S and 6.
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THEOREM 7. The uniformly slow oscillation of the series (5.1) and (5.2), in
the sense of Definition 2, is necessary and sufficient for the uniform bounded-
ness of the partial sums of the Fourier series of a bounded (measurable and real-
valued) function f(x).

THEOREM 8. The uniformly slow oscillation of the series (5.1) and (5.2), in
the sense of Definition 2'', is necessary and sufficient for the uniform convergence
of the Fourier series of a continuous function f(x).

6. Our final generalization of the results obtained heretofore is based on
the notion of the one-sided slow oscillation (from above or from below) of a
series.

DEFINITION 3'. A series ), ¢ with real terms is said to be slowly oscillating
Sfrom below if there exist two positive numbers P and p and a positive integer N

such that
k+q

(6.1) > e=—P, fork=N, 0= q= pk.
y=k

DEFINITION 3''. A series Y 1 ¢, with real terms is said to be slowly oscillating
from below if for an arbitrarily given positive P there exist a positive number p
and a positive integer N, both depending on P, such that (6.1) kolds.

It is clear how these definitions should be modified in order to characterize
slow oscillation from above, and also uniform slow oscillation, from below or
from above.

We are in a position to state and prove

THEOREM 9. A necessary and sufficient condition that the partial sums of the
Fourier series of a bounded (measurable and real-valued) function f(x) be uni-
formly bounded, is that the series (5.1) and (5.2) be slowly oscillating from below,
in the sense of Definition 3', uniformly in x.

THEOREM 10. A necessary and sufficient condition that the Fourier series
of a continuous function f(x) converge uniformly to f(x) is that the series (5.1)
and (5.2) be slowly oscillating from below, in the sense of Definition 3'', uni-
formly in x.

The necessity of the conditions of Theorems 9 and 10 is obvious. The proof
of sufficiency is based on the following

LEMMA. Assume that the series D, ¢, satisfies (6.1) and, in addition, that
the arithmetic means of its partial sums s,=c1+ca+ - - - +cn,

Sn = (31+s2+ +s,.)/n,
satisfy
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(6.2) [Sa] SL<w, nzl.
Then the partial sums themselves satisfy
(6.3) | sn] < (34 2/p)L + P, provided that n = N(1 + p).
To prove this lemma we use the identities
(n 4+ M)Spym — BSn — MSp = Spp1 + -+ * + Sngm — MSa

= Cnt1 + (cn+l + Cn+2) + * '. + (Cn+1 + . e + Cn+m)y
ms, — nS, + ("’ - m)Sn—m = MSp — (sn—m+l + .-+ Sa)

(6.4)

6.5)

Now, assuming
(6.6) nZ (1+pN, pn/(1+p) <m=1+pn/(1+9),
we have
n>N, n/m<1+4+1/p,
0=m—1=Zpn/(1+p) < p(n+ 1),

249

=t (et ) d o+ (Gt -+ Camia), l=mzsn.

n—m+22n/1+p)+12N+122, m—2<p(n—m+2).
We then may apply (6.1), which, being combined with (6.4), (6.5), gives

(6.7) (n + M)Snim — 1Sy — msy Z — mP,

(6.8) msa—nSa + (8 — M)Spm = — (m — 1)P > — mP,
respectively. From (6.2), (6.7), (6.8) we derive

6.9) —P—(142n/mL < — P+ (n/m)S, — (n/m — 1)Sam

Since #/m<141/p the desired inequality (6.3) follows at once.

Ss=P+ 1+ n/mSnim — (n/m)S, = P+ (1 + 2n/m)L.

The proof of Theorem 9 is now readily obtained from this lemma, since
series (5.1) and (5.2), in view of (1.1) and Fejér’s theorem, clearly satisfy all
the requirements of the lemma. For s,(x) we get an estimate of the type (4.3).
As to the proof of Theorem 10, it is easily obtained by an argument analogous
to that used in proving Theorem 6, the details of which may be left to the

reader.
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